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Zeroth-order Optimization
Solve

min
x∈Rd

f (x)

given f (x) BUT NOT ∇f (x).

Common in
• Adversarial ML [2]
• Economics [5]

• RL [3]
• Robotics [7]

Stochastic Zeroth-order Optimization
Solve

min
x∈Rd

f (x) := EZ [F (x, Z)] (1)

given F (x, z) BUT NOT ∇F (x, z).

Example: Empirical Risk Minimization

f (x) =
1

n

n∑
i=0

F (x, zi)

with F loss function and (zi)
n
i=0 data samples.

Algorithm

Structured Stochastic Zeroth-order Descent
For k = 1, · · · , compute

xk+1 = xk − αk∇(Pk,hk)F (xk, zk)

where, for l ≤ d,

∇(P,h)F (x, z) =

l∑
i=0

F (x + hp(i))− F (x, z)

h
p(i)

with P = (p(1), · · · , p(l)) ∈ Rd×l random matrix s.t.

EP [PPᵀ] = I and PᵀP
a.s.
=

d

l
I

Stochastic Finite-di�erences

∇F (x, z) ≈ ∇(P,h)F (x, z)

Structured Directions

Orthogonal directions.

Main Results
Main Assumptions
• Smoothness: for every z, for every x1, x2 ∈ Rd

‖∇F (x1, z)−∇F (x2, z)‖2 ≤ λ ‖x1 − x2‖2

for some λ > 0.
• Unbiasedness: for every x ∈ Rd

E[∇F (x, z)] = ∇f (x)

• Bounded variance: there exists G > 0 s.t.

(∀x ∈ Rd) E[‖∇F (x, z)−∇f (x)‖2] ≤ G

Convergence rates for convex functions
Let αk = α/kc and hk = h/kr with 1/2 < c < 1, h > 0
and α < l/(dλ). Let x̄k be the averaged iterate at time
k ∈ N. Then we have that, for every k ∈ N,

E[f (x̄k)− f (x∗)] ≤ d

l

C ′

k1−c + o
( 1

k1−c

)
,

where C ′ > 0 is a constant. The number of function
evaluations required to obtain an error ε > 0, is in

O

(
l
(d
lε

) 1
1−c

)
.

Convergence rates for non-convex functions
Assuming that for some γ > 0,

∀x ∈ Rd, ‖∇f (x)‖2 ≥ γ(f (x)− f∗),

let αk = α
kc with 1/2 < c ≤ 1 and hk = h

kc/2
, with α < l

dλ

and h > 0. Then, there exists a constant C̃ > 0 s.t.

E[f (xk)− f (x∗)] ≤

o
(

1
kt), for every t < c if c < 1

O
(

1
kµ

)
if c = 1

with µ = α
2

(
1− λαd

l

)
γ. In particular, there is a constant

C̃ > 0 such that E [fk − f∗] ≤ C̃/kc.

Observations
Convex Setting
• The rate approaches the rate of SGD 1/

√
k.

• Increasing l =⇒ better rate.

Non-convex Setting
• First convergence result for stochastic zeroth-
order methods in this setting.
• Convergence rate close to 1/k (SGD rate in strongly
convex case).
• Increasing l =⇒ smaller error in constants.

Previous works

Comparison with previous works
• Evolutionary Strategies [1]: few or no theoretical
guarantees.
• Bayesian Optimization [6]: cumulative regret scales
exponentially with d.
• Direct Search [4]: waste of function evaluations.

Empirical Results

Impact of number of directions

For large budget, l > 1 provides better results w.r.t.
l = 1.

Comparison with Direct search methods

First row: Our algorithm outperforms state-of-arts direct
search (DS) methods in optimizing a strongly convex and
a PL convex function.
Second row: Our algorithm achieves lowest validation er-
ror faster than DS methods in tuning hyper-parameters
of a large-scale kernel methods to solve two regression
problems.

Conclusions

•We introduced a new stochastic zeroth order algorithm.
• Convergence rates for convex and non-convex settings.
• Empirical results suggest good performances.

Forthcoming Research

Di�erent research directions
• adaptive strategy for Pk.
• extension for general non-convex functions.
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